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GENERALIZED HERMITE POLYNOMIALS AND 
THE BOSE-LIKE OSCILLATOR CALCULUS 



Marvin Rosenblum 

Dedicated to Moshe Livsic 

Abstract. This paper studies a suitably normalized set of generalized Hermite 
polynomials and sets down a relevant Mehler formula, Rodrigues formula, and 
generalized translation operator. Weighted generalized Hermite polynomials are 
the eigenfunctions of a generalized Fourier transform which satisfies an F. and 
M. Riesz theorem on the absolute continuity of analytic measures. The Bose-like 
oscillator calculus, which generalizes the calculus associated with the quantum 
mechanical simple harmonic oscillator, is studied in terms of these polynomials. 



1. Introduction 

The generalized Hermite polynomials M!^{x),n G N = {0,1,2,...}, were de- 
fined by Szego [29 , p380. Problem 25] as a set of real polynomials orthogonal with 
respect to the weight \x\'^^e~^ , /x > — |, with the degree of equal n. Thus 
J^^M.!^{x)'E.f^{x)e~^'^ \x\'^^ dx = 0, m ^ n. These polynomials can be exhibited 
in terms of certain confluent hypergeometric polynomials, or in terms of certain 
generalized Laguerre polynomials. 

We refer to Erdelyi [15, Vol 1] for the definition and properties of the confiuent 
hypergeometric function ^> , and generally of other special functions. The m-th 
confluent hypergeometric polynomial with parameter 7 + 1 > is given by 



$(-m,7+l,x) 

k=o ^ ^ 



m\ r(7 + r 



r(A; + 7 + l 



m!r(7+ 1) 

which =— —LZ.ix). 

r(m + 7 + l) "'^ ^ 



Key words and phrases, generalized Hermite polynomials, Mehler formula, Rodrigues for- 
mula, generalized Fourier transform, generalized translation, Bose-like oscillator. 
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Typeset by AmS-T^ 



Necessarily M^^{x) = C2m^{—m,fi+ and H^^_^i(x) = C2m+ix^{-'m, fi + 

|, x"^) , where m G N = {0, 1, 2 . . . }, and the c. are real constants. (See Chihara 
[5,p43,pl57].) 



In his Ph.D. thesis Chihara [4] normalized these polynomials so that the co- 
efficient of x'^ in MJ^ is 2'^. Others studying these polynomials, in general with 
varying normalizations, are Dickinson and Warski [10] and Dutta, Chatterjea, 
More [13]. We shall set down a different normalization, one that is appropriate 
for our applications. We shall denote the Chihara polynomials by {EI(:j;}o° and 
our class by {HI^}q^. 

We study the generalized Hermite polynomials in section 2. In section 3 we 
define a relevant Fourier transform and heat equation, and in section 4 a rele- 
vant translation operator. Finally, in section 5, we study some basic aspects of 
the Bose-like oscillator calculus which intrinsically connect with the earlier sec- 
tions. It will develop that the Bose-like oscillator calculus is a remarkable, fully 
structured generalization of the calculus associated with the quantum mechani- 
cal harmonic oscillator, that is, the Boson calculus. Our main result. Theorem 
5.12, is a generalization of the von Neumann uniqueness theorem to the Bose-like 
oscillator calculus. 



2. Generalized Hermite Polynomials 




They are defined for n odd by 



(2.1.2) 



2m+l 



{x) (-1) 



m 



(2m + 1)! X 




(-1) 



m 



(2m + 1)! 



X 



,2/c+l 
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2.2 On H!^, 7^,, and e 



(2.2.1) H^^{x) = ^^'^^^\ m^^{x) 

= (-l)-(2m)!-£^^±il^Lr^(^^). 
r(m + 11+ ^) 



(2.2.2) 

^2m+il^J- p^i) r(m + /.+ f)^"^+^^^^ 



We list the first few generalized Hermite polynomials: Hq{x) = 1 , 

H^{x) = (1 + 2fi)-^2x, H^{x) = (1 + 2^ly^^x'^ - 2 

i/^(a;) = (1 + 2;u)-^(3 + 2;u)-^24a;3 " (1 + 2;u)-^12a; 
H^{x) = ((1 + 2/i)(3 + 2/i))~^48x^ - (1 + 2/i)-i48rr2 + 12. 



This class of generalized Hermite polynomials has a rather nice generating 
function formula involving the confluent hypergeometric function $ . If G Co 
we define 

(2.2.3) e^(x) := e^$(/i, 2/i + 1, -2x), which 

= r(M+i)(2/:r)^-i(/ i(a:) + / i(a:)) 

= (2a:)^"^M 1 (2x), 

where is the modified Bessel function and M.. is the Whittaker function, 
plays the role of a generalized exponential function in what follows, and indeed 
eo(ic) — e.^ ■ ^jjL is an entire function, say, 

00 m 

(2-2.4) ^"W-S^^- 
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where the power series representation for the associated Bessel function yields 

(2.2.5 7u(2m = ; r- — = (2m ! ^ r- ^ ^ — , , and 

(2.2.6) 



2^-+^m!r(m + ^+f) , ^^, r(m + /x + f ) r(|) 

7^^zm + 1) = = (2m + 1)! ^, ^ ^, ^ 3. • 

7^ plays the role of a generalized factorial. We list a few of the 7^ : j^{0) = 1, 
7^(1) = 1 + 2/z, 7^(2) = (1 + 2/z)2, 7^(3) = (1 + 2/z)2(3 + 2/z), 7^(4) = (1 + 
2/i)2(3 + 2//)4, and 7^(5) = (1 + 2/^)2(3 + 2/^)4(5 + 2/i). We note the recursion 
relation for the 7^ : 

(2.2.7) 'y^{n + 1) = (n + 1 + 2yLi^„+i)7^(n), n € N, 

where 9n+i is defined to be if n + 1 is even and 1 if n + 1 is odd. It follows 
from (2.1.1) and (2.1.2) that for all n G N 

[-] 

We note that the coefficient of x"^ in the expansion of i?^ is 2'^n!/7^(n). We set 
down for later reference integral expressions for the beta function B{-,-). 

2.3 Lemma, i) Suppose n> 0,a> — ^, n G N, and x G C. 

(2.3.1) B{n + a+^,fi) = J t^''\t\'^''{l - t)^'-\l + t^dt 

(2.3.2) B(n + a+|,/i) = ^ t2n+i|^|2a^^ _ + 

(2.3.3) - i 1 , rt"|t|'"(l-t)'^-^(l+t)'^rft 

(2.3.4) e^+^{x) = ^, , 1 . / e«(xt)|t|'"(l - 1)'^-^! + trdt 

(2.3.5) e,{x) = — ^ r e^\l-tr-\l + trdt 



(2.3.6) a) If now < < |, 

r e_^{xt)\t\-^^{l-tr-'{l + trdt 

2 - J-1 



(2.3.7) 

in) Suppose a > n > —1 and /i + a > — ^. Thene^j^aix) — eQ,(a;) + 



\ /' (e,(xt) - e«(x)) |t|'«(l - tY-\l + t)'^tit 



Proof. Start with the usual integral representation for the beta function, -B(x, y) 
= /o^t''"^(l - t)y-^dt. Use this to then derive (2.3.1) and (2.3.2). (2.3.3) and 
(2.3.4) follow from this and (2.2.5), (2.2.6), (2.2.4). Set a = -/^ in (2.3.4) to get 
(2.3.6) (2.3.7) is obtained from (2.3.4) by analytically continuing fi. We use the 
functional equation {x + y)B{x,y + 1) = yB{x, y) for the beta function. The rest 
follow easily. 

Next we associate with the generalized exponential function e^^ a generalized 
derivative operator . These objects are special cases of functions and opera- 
tors set down by C.F. Dunkl in his work on root systems associated with finite 
reflection groups. The papers [11] , [12] are particularly relevant here. 

For the sake of simplicity we study the action of X)^ on entire functions. 

2.4 Definition, i) The linear operator D,^ is defined on all entire 
functions (f) on C by 

(2.4.1) ^Mx) = (j)'(x) + ^ Uix) - M-x)) ,xeC. 

X 

We use the notation Ti^^x when we wish to emphasize that is acting on funct- 
ions of the variable x. Thus D ^j^^x{(j){x)) := {D^<p){x). 
a) O. is defined on all functions (f) on C by 

(2.4.2) £l(t){x) =x(j){x). 

2.5 Properties of D^, e^^, and ^f^. Suppose /j, e Co, n e N, 
x,z E C and </>, -0 are entire functions. 

(2.5.1) {^lcf>){x) = cf>"{x) + ^cf>'{x) - 4 (cf>{x) - cf>{-x)) 

(2.5.2) 'Di : x"" ^ ^^^^. x^-^j = 0, 1, . . . , n; : 1 ^ 
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If ip is an even entire function, then 



(2.5.3) V^{(l>iP) = D^{(f>)i; + (f>V^{iP) 

1 

(2.5.4) HHix) = —J— / Hr,{xt){l - tr-\l + trdt if fi>0. 
BU,^) J-i 



2 

Exponential property of e 



(2.5.5) V^^x ■ e^(Ax) i — > Ae^(Ax) 
Differential equation for ; 

(2.5.6) xe'l^ix) + (1 + 2/i)e;,(a:) - (1 + x)e^,{x) = 

(2.5.7) e';^{x) = e^{x) - 

Generating function for the Hj^ : 



(2.5.8) exp(-^2)e^(2x^) = ^^Qo 



n=0 



Proo/. (2.5.1) to (2.5.3) follow from the definition in (2.4.1), and also (2.2.7). To 
prove (2.5.4) substitute the expansion for Hn — provided by 2.1 in the right 
side of (2.5.4) and then employ (2.3.3) with a = 0, so ja{n) — n\. 

We prove (2.5.5) using (2.5.2) . e^(Ax) = X^jlo i^^V /^i^U) mapped by S)^ 
to Y.T^, X^x^-^Mj - 1) = Ae^(Ax). 

For (2.5.6) refer to Slater [28,p94]. 

To prove (2.5.7) first assume fi > and check the result using (2.3.5) and the 
functional equation for the beta function. Then analytically continue fi to Co- 

The generating function formula for the classical Hermite polynomials is 
exp{—z'^-\-2xz) = '^'^:^QHn{x)z'^ /n\. Use this result, (2.5.4), and (2.3.7) to prove 
(2.5.8) for fi > 0. The result for fi & Co follows by analytically continuing fi. 
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2.6 Properties of Hu. Suppose n G N, X,x,z eC, \z\ < 1. 



(2.6.1) V^,^ : HiiiXx) 2XnHi^_,{Xx 

(2.6.2) (20 - ^,)H^ = J^f^^K.. = (1 + 



Three term recursion: Set H'^-^ix) — 0. Then 



(2.6.4) D„,,(e-*'-'H^(Aa;)) = -Ae-^''^ J^^" +^^^^^^ H„\i(A:.) 
Rodrigues formula: 

(2.6.5) (-l)-e^'-'D;],,e-^'-' = A"^i?^(A:r) 

71 ^ 

(2.6.6) /f^ = ^(20-D^)"^o^ 

Inversion formula: 



(2.6.7) = > " ^'^^ ' 



Mehler formula: 



(2.6.8) 

E ^S7!?i2^n^(^)^^^ = ^exp(-(x2 +^2)-^)e,(2a.^-^) 

(l-z2)A^+2 ^ ^ 
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Proof. Apply 5)^,a; to both sides of (2.5.8) with 'x' replaced by 'Xx' . Then, using 
(2.5.5), EZo^i^,-Hii{Xx)z^/n\ = En=o 2An^f^i(Ax)^-/n!, and thus (2.6.1) 
follows. 

2xH^{x) - 2nH^_-^{x) = (1 + 2/x^„+i/(n + l))i/^^i(x) follows, upon sepa- 
rately considering the even and odd polynomials, from (2.2.8) and derives (2.6.3). 
From this and (2.6.1) we deduce (2.6.2). 

Use (2.5.3) to infer that D^,:,(exp(-a;2)i//^(x)) = ((-2x + S^,x)i^/^(x))e-=^', 
which by (2.6.1) and (2.6.3) equals the right side of (2.6.4) with A = 1. (2.6.4) for 
general A follows easily by the easily derived chain rule formula 2)^ x '■ f{Xx) — > 
A(D^/)(Ax). 

(2.6.5) is proved by induction using (2.6.1). Note that Hq{x) — 1. 

(2.6.6) is proved by induction using (2.6.2). 

We prove (2.6.7): e^(2xz) = e^' ^^=0 (^)^"/^! ' so Y.n=Q{2xzY h^{n) 
— (Z^jlo ^^"'/•^O Xl^o -^n (^)'2^^/''^" Equate like powers of z to deduce (2.6.7). 

Use (2.2.1), (2. 2. 2), (2. 2. 5), (2.2.6) and the bilateral generating function for the 
Laguerre polynomials Erdelyi [15 vol 2, pl89] to prove that the left side of (2.6.8) 
equals 



X^(n!r(/.+ i)/r(n + /.+ i))L:; ~^{x^)C ~\y^)z^' 



n=0 



oo II 

+ ^(n!r(M + i)/r(n + M + f ))a:yL^2 (^2)^M+2 (^2)^2n+i 

n=0 

+^,+i((2-«r^)). 



which by (2.2.3) equals the right side of (2.6.8). 

To derive (2.6.9) set y = in Mehler's formula (2.6.8) and note from Definition 
2.1 that i?^^(0) = (-1)"-^ and H^ri+ii^) = ^r all n G N. 

2.7 Further properties of Ht^. 



(2.7.1) 
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(2.7.2) exp(itD^ J(exp(-ai^)e„(22i)) = 

(l+„,)-''-^^exp(^)exp(-^)e.(^), 

> 0, m > 0, X e R, z e C. 

Proof. We prove (2.7.1). We deduce from (2.5.5) that exp(— y^S^ ,g)e^(Aa:) 
exp(-A2y2)e^(Aa:), so 



oo 



(2.7.1) follows by equating the coefficients of A"^. 

Assume \2vy\ < 1 and use (2.7.1) and (2.6.8) to obtain 

oo 

exp(-2/2S)2 J exp{-v^x^)e^{2uvx) = eM-y^^l,x) J2 ^ni^) 



{vxY 



n=0 



n=0 ^ n=0 ^ ' ^ 

.2 A.,2„.2 



(1 - 4^;2^/2)M+2 



^exp((-n o 2jeM(^_4 o 2) 



Next set t — —^y^, z — uv, and a — v'^. Thus (2.7.2) holds at least if \at\ < 1. 
(2.7.2) follows by analytic continuation for the parameters. 

The identities (2.7.1) and (2.7.2) are generalizations of classical Hermite poly- 
nomial identities set down, using Boson calculus techniques, by J.D. Louck [20]. 
The generalized heat equation problem 



dip{x, t) 
'dt 



(2.7.3) Dl^^il)[x,t) = —^7^, with il)[x,Q,) = (/)(a;), t > 0, x G (£, 



where (j) is given, has the formal solution exp(t2!)^ 3,)(/)(a:;) . This problem is related 
to the work [6] of Cholewinski and Haimo and reduces to it when the function (f) 
is assumed to be even. From (2.7.1) we see that if n G N , 



(2.7.4) exp(tD2 ^)x^ = lMHii{^){iVtr = ^ V ^.'^T'^^om 



The functions given by (2.7.4) are for even integers n the generaUzed heat poly- 
nomials of Cholewinski and Haimo [6] and [8,section 14]. 

We shall pursue the L'j^{R) theory for the generalized heat equation in section 

3. 

3. The generalized Fourier transform 

3.1 Definition, i) L'j^{R) is the Hilbert space of Lebesgue measur- 
able functions f on R with 

11/11^:= (^fjf {tt\t\'^dty <oo. 

a) The generalized Fourier transform operator T^, fi > is defined 
on the linear span & of {exp(— : n G N} in L'j^{R) by 

(3.1.1) T^f{x) := (^2'^+^r(/x + i)^ e^{-ixt)f{t)\t\^^dt 

This transform appears in the physics literature on Bose-like oscillators, [24, 
p294] and [22], and as a special case of a general transform in Dunkl [12]. 
We see from (2.2.3) that if x is real, 

^ J 1 (x) — zJ i{x) 

(3.1.2) e^{-ix) = T{fi+1)2^-2J^ J±2 =, say, c^{x)-is^{x), 

x^-2 

where is real and even and s^^ is real and odd. The integral in (3.1.1) is 
well-defined since 

(3.1.3) \e^{-ix)\ < Cf,{\x\^^^ + l) where G if - | < < 0, 

(3.1.4) and \e^{-ix)\ < 1 if > 0. 

(3.1.3) is proved using the asymptotic formula for Bessel functions [30, Chapt 7] 
and (3.1.4) follows easily from (2.3.5). (2.3.5) implies that e^{—ix) is a positive 
definite function of x. Thus the following result follows. In the limiting case — 
the result degenerates into the obvious cos^(x) + si'n?{x) < 1. 
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3.2 Remark. Suppose ii>Q. Then 

(3.2.1) (.J^_,_(.)f + {J^^,(.)f < p^-l^|./2P'*-' 

for X G R. Equality holds in (3.2.1) if and only if x — 0. 
Proof. Use (3.1.4) and (3.1.2.). 

3.3 Some Fourier transform integrals. Suppose > 0. 

f°° Till + -^ 

(3.3.1) / c^{xt)eM-\\t^)t^^dt= l> exp(-xV(4A)) 

Jo 2A^+2 



(3.3.2) r e^(-ixt)exp(-At2)|t|2M^^ = ^^^^ exp(-xV(4A)) 

i-oo \M+o 



(3.3.3) 

r e,(-i^t)rexp(-At^)|tp'^rft = (-l)-£^^2^exp(-f^)i^,-(^ 
(3.3.4) 

f°° V(ui+-) x'^+v'^ 

/ e^{-ixt)e^{iyt)exp{-Xt^)\t\^^dt = exp( ^)e^(a;y/(2A)), 

J-oo A'""'"2 



/oo 
ef,{-ixt)e^p{-XH'^)HI^{Pt)\t\'^f'dt 
-oo 



= (-i)"r(/x+ i)A-2/^-i ((/3/A)2 - 1)"/ exp(-xV(4A2))i^, 



1 ' 



2A(/32-A2)2 
if X^> 0. 



(3.3.6) 

/•oo ]^ 

/ e^{-ixt)exp{-^t'^)H^{t)\t\'^''dt = 2^+2r(/x +!)(-«)" exp(-ia:2)i^^(a;) 

^ — oo 
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Proof. (3.3.1) is listed as a Hankel transform in Erdelyi [16 vol 2, p29]. (3.3.2) 
follows from (3.3.1) and (3.1.2). Apply "^^^x to both sides of (3.3.2) and use the 
Rodrigues formula (2.6.5) to derive (3.3.3). (3.3.4) follows from (3.3.3) by use of 
(2.5.8) and (2.2.4). 

(3.3.5) follows from (3.3.4) by use of the expansions (exp 7;^)e^(z2/3?/t) = 
En=oH^iPt)i^yrM and exp(-A2y2)e^(257/) = En=o H{i{B /A){Ayr /n\, 
which are a consequence of (2.5.8). (3.3.6) follows from (3.3.5) by setting = ^ 
and P — 1. 

The Hilbert Space Ll{R) has the inner product (/, g)^ := f{t)g*{t)\tf^ dt, 
where f,g & ^^(^) ^■nd g* is the complex conjugate of g. Notice that ||/||^ = 

{fJ)lf^Ll{R). 

3.4 Definition, i) Define the generalized Hermite functions 

(j)!^ on R by 

1 

(3.4.1) -(f^5i)) ' 5^^'=''p(-5^')^"W'" ^ ^- 

a) Define the operators P^, Q^, and Ajj^ on the Bnite span & of the gener- 
aUzed Hermite functions by 
(3.4.2) 

Pa4>{x) := —i((j)'(x) + — {(jyix) — (j)(—x)) , Qa4>{x) := il4>{x) = X(j)(x), and 

X 

(3.4.3) := 2-\{Q^ + iP^) , := \{Q^^ + P^^). 

3.5 Properties of (f)'^ and 

(3.5.1) {0n}neN is a complete orthonormal set in L^{R). 

(3.5.2) ^^0(^ = (-i)>^l,nGN. 
Mehler formula: 

oo 

(3.5.3) ^<(a:)<^^:(2/)^" = 

n=0 

w^tV^T 5— -r exp(-i(x2 + y^)^±l^)e^{2xy-^) 
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Proof. Suppose w, G C. Then 



= (r(/^+ ^))-^ / E i^;(i)i^ni)-|^expH2)|t|2Mc«t, 

which by (2.5.8) 

exp(-w2)e^(2ut)exp(-?;2)e^(2i;t)exp(-t2)|t|2^(it 

-oo 



which by (3.3.4) = e^(2wi;) = E 2^u^v^ /jf,{j). 



Thus we see that {^nlneN orthonormal set in L'^(^R) . It is complete by 

much the same argument used to prove that the classical fi — Hermite functions 
form a complete orthogonal set in Lq{R), see, for example, Ahiezer and Glazman, 
[1], Chapt 1, paragraph 11. 

(2.6.8) implies (3.5.4) and (3.3.6) yields (3.5.3). 



3.6 Theorem. is a unitary transformation on L'j^{R) with eigen- 
values 1, -1, i, -i . {4>n}n&i ^ complete orthonormal set of eigenvectors of T^. 
The inverse Fourier transform is given by : 



(3.6.1) T;f{x) = U^'+hi^ji + \)\ p e^{ixt)f{t)\tf^dt, fee. 



Proof. The first statement is a direct consequence of 3.5. From (3.5.3) we see 
that J^*(l)l^ = i'^cl)!^, and it follows that iJ^*ip)it) = {J^f,ip){-t) for any ip E &. 
Then (3.6.1) follows from (3.1.1) 
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3.7 More on </»/^ and T^J,. Define (^(^^ = and assume n G N. 



(3.7.1) 




-( ^'^^^^ 


(3.7.2) 






(3 7 3) 


r'n 




(3 7 4) 










= i(AA* + A*A)(/>^ = (n + /X + IX on 6. 


(3.7.5) 




= {-ir€ 


(3.7.6) 




- Q^P^) = (AA* - A* A) =I^ + on 6 


(3.7.7) 




= on © 



ifere is the identity operator and J/j, is the unitary involution defined by 

Proof. By use of (2.5.3) one obtains 

D^,^(exp(-ix2)(/)(a;)) = exp{-^x^){X)^ - £l^)(l){x) 

for all smooth </>. Thus (3.7.1) and (3.7.2) follow from (2.6.1) and (2.6.2). (3.7.3) 
is a consequence of (3.7.2). 

P^, Q^, can be written in terms of A^, A*, so (3.7.4) and (3.7.6) can be 
derived from (3.7.1) and (3.7.2). (3.7.5) is true since <p2n is even and 02n+i is odd. 
Now, the multiplication operator 0^ clearly has a unique closed extension to a 
selfadjoint operator on the set {/ G L^^{R) '■ 0/ G I/^(i?)}, and this operator we 
name Q^. Then T*Q^T^ is again a selfadjoint operator. One shows that (3.7.7) 
is true by using (3.5.2), (3.7.1) and (3.7.2). 

A class of generalized harmonic and conjugate harmonic functions and a Hilbert 
transform operator associated with the generalized Fourier transform operator J-f^ 
was introduced and studied by Muckenhoupt and Stein in [21]. They sketch a 
proof of the following interesting generalization of the F. and M. Riesz theorem 
on the absolute continuity of analytic measures. If = 0, then the result is the 
classical one. 

Theorem 3.8 F. and M. Riesz theorem on absolute conti- 
nuity OF ANALYTIC MEASURES. Assume that ji G (-|,oo) , a e R and v is a 
complex Borel measure on Ra '■= [a, oo) such that v is finite if n ^ [0, oo) and 
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Ir (1^1 + ^)W\{dt) < oo if fi G (— 1,0) . Assume u is an analytic measure, that 
is, 

(3.8.1) / e^{ixt)v{dt) = 

J Ra 

for all real x. Then v is absolutely continuous with respect to linear Lebesgue 
measure. 

Proof. See [21,p88] for the a — and fi > case. In case ^ — then the theorem 
is the classical F. and M. Riesz theorem, [14,p45]. Our proof consists in showing 
that the theorem's hypotheses and (2.3.5), (2.3.6) imply that (3.8.1) holds with 
A* = 0. 

Assume first that — | < < and (3.8.1) holds. It follows from (2.3.6) that 
e'^^*u{dt) = for all real x, so u is absolutely continuous by the classical result. 

Assume next that yU > 0. Then an application of (2.3.7) yields 
Ir 6mo(^^^)^(<^^) — some /Xo < yU, so repeated applications of (2.3.7) reduce 
the problem to the case when fi — 0. 

We generalize the Gauss- Weierstrass operator semi-group of Hille and Phillips 
[18,p570] and continue to study the generalized heat equation (2.7.3) . 

3.9 Definition. For t > and ii > —\ the Lf^{R) operator T^(t) 

is defined by 

(3.9.1) {T,{t)c^){x) := ^ / eM-'^^M^rnvM^'dy, 

{4:tf+2T{fi+^)'^R 

x,y E R. 

3.10 Theorem. 

(3.10.1) T^it)(f) = exp{-tP^)(f) for every t > and (f) e LI{R). 

Proof. Assume t > and set u{-,t) — exp(— tP^)0, which by (3.7.5) equals 
J^; eM-tQl)^^ ■ Then if G (i^), 
u{x,t) = 

(2'^+2r(/.+ I))-' / e^{ixT)exp{-tT^)\Tf^{ / e^{-iyT)(l>{y)\y\^^dy)dT = 

J — oo J — oo 

(2^+2r(M+ i))-' / ( / e^(-iyr)e^(ia:r)exp(-tr2)|r|2^dr)0(y)|y|2^dy 

J — oo J — oo 

which by (3.3.4) = {T^{t)(j)){x) 
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3.11 Theorem. 
(3.11.1) T^(t/4) : {exp{-ax^)e^{2zx)) 



(l+„,)-.-V.exp(^)exp(-^)e.( 



+ at 1 + at 1 -\- at 

m> 0, z eC,^a> 0. 



ax"^ 



(3.11.2) T^{t) : exp(-aa:2) ^ (1 + 4at)-'^-V2 exp(-^^:^), 

m >0,Ua> 0. 

Proof. (3.11.1) is a consequence of (2.7.2) and (3.11.2) is obtained by setting 
z = 0. 

3.12 Theorem. Suppose cj) e Ll{R). Then ip{x,t) := {T^{t)(j)){x) 

satisfies 

dil) 
'dt 



(3-12.1) ^ = -T^tP = DltP e LliR) 



(3.12.2) and lim ||^(-, t) - </)||^ = 0. 

Proof. By (3.7.5) V^(-,t) = exp(-tp2)^ = T^eM-tQD^,.^- Since 
Qlexp{-tQl)(f) e Ll{R) for every </) G i^2(i?), it follows that exp{-tP^)(j) G 
(i^) for every (f) G (i^). Thus we see that (3.12.1) holds. 

m-^t) -ci>\\i = eM-tQi)r^ -m = II eM-tQD^F^ - ml 

/oo 
|exp(-t^2) - lWT<t>){y)\M'"'dy ^ as ^/ \ 0. 
-oo 

(3.12.2) follows. 

3.13 Corollary. Assume the hypotheses and notation of Theorem 
3.12 , so ipitjx) satisfies (3.12.1) and (3.12.2). i) Suppose that cj) is also an even 
function. Then 

(3 13 1) ^ d^^ ^ 2^1 dijj 

dt dx"^ X dx 
a) Suppose that cj) is also an odd function. Then 

(3 13 2) ^ ^ 2^av^ _ 2^^ 

dt dx"^ X dx x'^ 
Proof. Use (2.5.1) and (3.12). 
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4. Generalized translation 
4.1 Definition, i) T/ie generalized translation operator 



%y, y G R is defined by 



oo 



for all entire functions (f) on C for which the series converges pointwise. 



a) The linear operator Ty, y ^ R is defined on L'i{R) by 



(4.1.1) Ty^ := e^iiyP^)^. 

We use the notation %y,x when we wish to emphasize the functional dependence 
on the variable x. 

Hi) The /i— binomial coefficients are defined hy 

(4.1.2) {^^ :^^^^ri)/{-f^{j)-f^{n-j)), k = 0, . . . ,n, n E N. 
iv) The /X— binomial polynomials {Pn,iJ,{',')}neN are defined by 

oo j 

(4.1.3) PnA^, y) := %y,,x^ = ^ -^V^.x^. 

Notice that Ty — %y for almost all real y on the class of L'j^{R) entire functions 
of the form {p(x) exp(— Ax^) : p is a complex polynomial and A > 0}. 

4.2 Properties of %y. (i-binomial expansion : 

(4.2.1) PnA^^y) = il{t] 

The first few ^i— binomial polynomials are 1, x -\- y, + jq^a^y + y^ , and 

x^ + T^i^^y + ^y^) + + ^TT2iii^^y + ^y^) + ^fjl^ 2:27/2 + j.^^^^ 

zs clear that %y in general does not take nonnegative functions into nonnegative 
functions. Consider, for example, {x — 1)^. 

(4.2.2) 'ly,xG^,{\x) = e^(Ay)e^(Ax), A G C 
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Generating function : 

(4.2.3) e^(Ax)e^(Ay) = f; ^"'^f if XeC. 

(4.2.4) 

Ty : exjp{—Xx^) \ — >exp(— A(a;^ + y^))e^{—2Xxy) if A > 

(4.2.5) 

Ty : xexp(— Aa:^) i — >{x + ^/) exp(— A(a:'^ + y^))e^{—2\xy) if A > 
Proo/. Use (2.5.2) so 

CO j n 

which is equivalent to (4.2.1). 
2^2/,xe^(Ax) = e^(?/£»^,^)e^(Ax) = 

^ = ^^^''''^''^ = e^(A^/)e^(Aa:) 

This proves (4.2.2). 

(4.2.3) is a consequence of (4.2.2) and (4.1.3) . (4.2.4) foUows from (2.6.5), (2.5.8) 

since: 

Set A = a^. Then : exp(— a^a;^) i — > e^(?/5!)/x,cc) exp(— a^x^) 



OO 



= ex.p{—a^x^)ex.p{—a^y'^)e^{—2a^xy) 

(4.2.5) follows when one applies Dij,,x to both sides of (4.2.4). 

In the rest of section 4 we assume fi > 0. Define the probability measure 
and the function co by 

(4.2.6) a^{dt):=—^{l-tr-\l + trdt, tG(-l,l), 

5(2, m) 

(4.2.7) uj{t) := {x^ +2xyt + y^)^, t € [-1, 1] and a:,^/ G i?. 
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4.3 Lemma. Suppose (f) is an L°°{R) function. Then 

(4.3.1) %yAm) = I /\i + 



Proof. It follows from (4.2.4), (4.2.5) and (2.3.5) that 



{%ycl>){x) = J ^ ^(cI5(t)) a^idt), {'^y^P){x) ^{x + y) j ^ A-^{p{t)) 



a 



{dt) 



if </) is an even and if) is an odd L°°{R) function. Thus (4.3.1) follows. 

4.4 Corollary. Suppose fi > and </> is an entire function. Then 

{%y(j)){x) = {%x(t'){y) for all real x and y . 
Ty,^(x</)(x)) = (x + y)%y^x{(t>{x)) if4> is even . 

Proof. These foHow from (4.3.1). 

4.5 Notation, i) Suppose x,y,^ e R. Define 

^{x, y, := ^ {{x + yf - -{x- yf) 

(4.5.1) S := {{x, y, ^ ^ R^ : *(x, y, > 0} 

S(x,y) := {eei?:*(x,y,e) >0} 

Thus 

^{x,y) = {-\x + y\,-\x - y\) U {\x - y\, \x + y\) if xy > 
^{x, y) = (-|x - 7/1), -\x + y\) U (|x + y|, |x - y|) if xy < 0. 

ll^e note that ^ is the homogeneous symmetric polynomial that is relevant 
in Heron's formula for the area of a triangle, and ^(x,?/,^) = ^(|ic|, \y\, It 
appears in the expressions for the generalized translation operator that form a 
basis for the Bessel calculus studied by Cholewinski [8] and by others. See [2,p35- 
36] and [8] for references but note that operator they study acts only on even 
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functions or on functions on a half-line. The translation operator we will set 
down acts more generally on functions on R. Hi) Suppose x^y,^ G R. Define 
A{x,y,^) to be the area of the triangle formed, if possible, with sides of length 
\x\,\y\,\^\, and otherwise. Then Heron's formula, see [9,pl2] states that 

1 

(4.5.2) A(x,7/,e) = (*(:r,7/,e)2 if {x,y,^) and 
A(x,7/,e) =0 z/(x,7/,e) 

iv) Define the measure (i^i,x,y on E{x,y) by 

(4.5.3) Pa.yid^ := — 

^ ^ '""^ ^(i^) \xy\ ' 

4.6 Lemma. Assume x,y E -R\{0} , ^,-0 G L°°(R) with cj) an even 
and ip an odd function. Then 

(4-6.1) / ':^^^mP,,.,y{dO. = f <t>m))c^Mt) 

Js{x,y) X ^ y ~ ^ J-1 
JE(x,y) X + y-t, J_i UJ[t) 



1 ^2 .^2_„.2 

2xy 

l + t={e-{x- yf)/{2xy), l-t={{x + yf- ^2)/(2xy), and 



Proof. Set ^ = 2;(t) = (rr^ -j- y^ + 2xyt) 2 , sot= ^ ~^ ~^ Thus 



\xy\ 



First assume xy > 0. Then B{^, fi) times the right side of (4.6.1) 

.-\x-y\ f\^+y\sgn{xyO . , 

J-\x+y\ J\x-y\ X + y-t, 

This imphes (4.6.1) in case xy > 0. The case xy < follows similarly. From 
(4.6.1) we deduce that the right term in (4.6.2) equals 

= [ sgn{xyO ( + P^^,x,y{d^) = the left side of (4.6.2). 

J'E{x,y) X + y q q 
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4.7 Theorem. 
(4.7.1) -- 

Proof. (4.7.1) holds for even and odd (f) by Lemma 4.6 and Theorem 4.3. Thus it 
holds for all </>. 

4.8 Theorem. Suppose cj) G L°°{R) and > 0. 

(4.8.1) {'Xy(f)){x) = {'Xx<t>){y) for almost all real x and y 

(4.8.2) \\%ycl>\\^<U\\^,cj,eLl{R),yeR. 

Proof. (4.8.1) is clearly implied by (4.7.1), and (4.8.2) by (3.1.4) and (4.1.1). 

5. The Bose-like oscillator 

Suppose that ^ is a complex Hilbert space. We will be examining certain 
equations of motion and commutation relations that relate several unbounded 
operators. In order to avoid the pitfalls associated with formal computation 
involving unbounded operators [26,p270-274] we shall postulate the existence of 
a suitably tailored linear invariant set of analytic vectors. 

Definition 5.1. iJSuppose P,Q and H are possibly unbounded 
selfadjoint operators on S) . P and Q are dominated by H if 

6 is a linear invariant set of analytic vectors for P,Q, and H, 

and & := [j{E((—n, n))So : n G N} , where E is the spectral measure of H . 

ii) We next specify H. Let y (•) be a continuously differentiable real function on 
the real line with derivative V'{-) and specify the associated Hamiltonian operator 
Hhy H= ip2 + y(Q). 

Then the equations of motion associated with the Hamiltonian are 
(EM) 

i[P, H] := i{PH - HP) = V\Q) and i[Q, H] := i{QH - HQ) = -P 

on © . In case V{Q) — ^Q'^ the equations of motion are that of the quantum 
mechanical harmonic oscillator. 



Suppose (f) e L°°{R), A* > 0, and x,y e R \ {0}. 
f sgn{xyC} 



'E(x,y) X + y-i 
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iii) Suppose P and Q are selfadjoint operators that are dominated by the 
selfadjoint operator H , where H := |(-P^ + Q^) on (3 , where 6 is as in 5.1i). 
Then (9), P, Q, H) is a Bose-like (quantum mechanical simple harmonic) 
oscillator , or a para-Bose oscillator if the equations of motion are 

(5.1.1) i[P,H] = Q and i[Q,H] = -P. 

iv) The Bose-hke osciUator is irreducible if whenever B is an everywhere 
defined bounded operator on 9) to such that 

(5.1.2) exp{iXP)B = Bexp{iXP) and exp{iXQ)B = B exp{iXQ) 

for all real X , then there exists c ^ C such that B = cl. 

Remark 5.2. Q is the position , P is the momentum , A := 

_ 1 _ 1 

2 2 (Q + iP^ is the annihilation and A* = 2 2 (Q — ^P) is the creation 

operator. H = ^{A^A + AA*). 

Remark 5.3. i)By a quantum mechanical system consisting of a 
single particle moving in one dimension we mean a triple of self adjoint operators 
P and Q dominated by H — + V{Q) that satisfy the commutation relation 

(CM) i[P, Q] := i{PQ - QP) = I on & 

If CM holds, then the equations of motion EM holds on &. 
Proof. The following computations are valid on 6 : 

i[P,H] = i[P,V{Q)] = V'{Q), and 

2i[Q, H] = i[Q, P^] = i[Q, P]P + iP[Q, P] = -2P, 
which imply EM . 

In 1950 E. R Wigner [31] posed the question 'Do the equations of motion de- 
termine the quantum mechanical commutation relations? 'He considered formal 
operator equations of motion of the form EM. In the case where the equations 
of motion are that of a Bose-like oscillator, Wigner noted that there exists a 
one parameter family of inequivalent operator representations for position Q and 
momentum P. There is now an extensive physical literature on these representa- 
tions, see [24] and [22]. We shall give a self-contained treatment of the theory , and 
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indicate their relationship to the generahzed Fourier transform and generahzed 
Hermite functions. 

Our goal is to study a generalization of the Boson calculus. The Boson calculus 
is the collection of operators, functions, and analysis associated with the quan- 
tum mechanical harmonic oscillator. It is often studied using Lie group theory, by 
noting that CM gives rise to the Heisenberg group through the Weyl commutation 
relations. An alternate perspective to the Boson calculus appears in Glimm and 
Jaffe [17,Chaptl] and Biedenharn and Louck [3,Chapt5]. Our perspective uses 
operator equations and operator theory directly to implement the analysis, with- 
out emphasizing the Lie group aspects of the algebraic structure of the operator 
equations. 

The generalization, the Bose-like oscillator calculus, is set down in Ohnucki 
and Kamefuchi [24,Chapt23] and in [22]. For a related calculus see Cholewinski 



From now on we consider a Bose-like oscillator and fix the notation of definition 
5.L We do not assume that CR holds. 



[7]. 



5.4 Alternate formulations of the equations of motion. 
The following statements are equivalent to (5.1.1): 




(5.4.2) 
(5.4.3) 



[A, A*2] 



2Q and ^[P^Q] 
A or [A'.H] 
2 A* or [A*,A2] 



2P on 6; 
—A* on 6; 
-2A on 6. 



Proof. (5.4.1)-(5.4.3) follow from (5.1.1) and 5.1, 5.2. 

5.5 Remark. Suppose n G N. When considered on & : 



(5.5.1) 
(5.5.2) 
(5.5.3) 
(5.5.4) 
(5.5.5) 



[A, A*] 



i[P^Q] commutes with A^ , A*"^ , and P'^ , Q"^ , H ; 
[A,A*(2")] =2nA*^2n-i)^ 

[A, A*(2n+i)] ^ A*(2^)(2n + [A, A*]); 



«[P2^,Q] = 2nP 



2n-l 



i[P,Q2-+i]=Q2-(2n + i[P,Q]); 



2n-l 



Proof. (5.5.1) follows from 5.4 and the Jacobi identity 



[[X,Y],Z] + [[Y,Z],X] + [[Z,X],Y] =0 
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which holds for suitably defined operators X,Y,Z selected from A^,A*^,ii" 
and A, A*. 

(5.5.2) is true if n = 1 by 5.4. Assume that it is true for n. Then (2n + 

A*2n(^^*2 _ 2A*). By (5.4.3) this = [A, A*(2n+2]_ rpj^-g p^.^^^^ (5.5.2). 

(5.5.3) is clearly true if for n — 0. Assume that it is true for n. Then 

[A, A*(2ri+3)] ^ (^^*(2n+l) _ ^*(2n+l)^J^*2 ^ ^*(2n+l) |^^^*2 _ ^*2^j_ 

this equals (2n + [A, A*]) + (2A*) , so (5.5.3) follows. 

(5.5.4) and (5.5.5) are proved similarly. 

5.6 Lemma. The following operator identities hold for all real A, u. 

(5.6.1) exp(iXH)Qexp{—iXH)=QcosX + PsinXon 6 

(5.6.2) exp(iA/i")P exp(-iA/i") = -QsinX + PcosX on 6 

(5.6.3) exp(iAii")Aexp(-iAii") = exp(-iA)A on 6 

(5.6.4) exp(zAi/) exp(zz^Q) exp(— zAii") = ex.p[ii'{QcosX -\- PsinX)) on S) 

(5.6.5) exp(zAi!f ) exp(zi^P) exp(— zAii") = exp(^iu{— QsinX + PcosX)) on 

Proof. Let F{X) and G{X) equal the left sides of (5.6.1) and (5.6.2). Then 

F\X) = -iexp{iXH)[Q,H] exp{-iXH) = G{X) and 
G"(A) = -iexp(iAl/)[P,lJ"]exp(-a/i") = -F(A). 

Also F(0) = Q and G'(O) = P. One obtains (5.6.1) and (5.6.2) by solving the 
system of differential equations for F and G on 6. (5.6.3) follows from (5.6.1) 
and (5.6.2). 

Since (3 is a dense set of analytic vectors for P, Q, H one deduces from (5.6.1) 
and (5.6.2) that (5.6.4) and (5.6.5) hold when acting on a fixed vector in & 
provided \u\ is small. Both sides are groups of unitary operators so (5.6.4) and 
(5.6.5) hold generally. 

From now on we assume that the Bose-like oscillator is irreducible. 

5.7 Structure Theorem for the Bose-like Oscillator, I. 
Suppose that {S^, P, Q, H) is an irreducible Bose-like oscillator. Then there exists 
a real number fi G (~i) oo) and G as follows : 



H has pure point spectra. The spectrum cr{H) of H is given by 
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(5.7.1) 



a{H) = |,...}. 



fi + ^ is the smallest eigenvalue of H. Select <po & S) so H(j)Q = (/^ + ^)^05 
ll<?^o|| = 1. 

(5.7.2) Define (f)n := (7^(71))"^/^ A*" 0o, neN and 0_i = 0. 

(5.7.3) {4'n}n£N a Complete orthonormal set in S). 

(5.7.4) - (5.7.9) hold for all neN. 

(5.7.4) A"^A*"(/)o = 7^^^^ , A*(^-^Vo ifn>m>0 

7^(n - m) 

= if m > n 
A*A^ri ={n + 2ii6n)(l)n 

AA*(l)n =(n + 1 + 2lldn+l)(l)n 

(5.7.5) //(^^ =i(AA* + A*A)(/), = (n + + i)(/^,. 
T/ie commutation relation for the Bose-like oscillator: 

(5.7.6) i{PQ - QP) = 1 + 2iiJ on 6, where J := exp(-7r«(ii" - (ju + ^)/)). 

(5.7.7) JP = -PJ, andJQ = -QJ on 6 

(5.7.8) J(Pn = (-l)"0n, neN. 

(5.7.9) J = J* = J-i, anrf exp(-27^^(/i" - - i)) = /. 

Proof. Consider the operator Jq :— exp(— zyriiZ") and assume that u e R . Then 
from (5.6.4) and (5.6.5) we get Jq exp(zi/Q) Jq = exp(— zi/Q) and Jq exp(zz/P) Jq 
= exp(— zi/P). Thus JoQ — —QJo and JqP = —PJo on©. Also exp(zi/Q)Jo = 
Jq exp{ii'Q) and exp(zi/P)Jo = Jq exp{ii'P). It follows from definition 5.1 iv) 
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that Jq = cl for some complex number c. But since Jq is a unitary operator nec- 
essarily Jq = exp(— 27ria)/ for some real number a. Next set J = exp{7ria)Jo = 
exp{—i7r{H — al)). Clearly (5.7.7) is true. Since — exp{—2-Ki{H — al)) — I, 
we deduce that (5.7.9) holds provided n + ^ :— a . When applied to (5.7.9) the 
spectral mapping theorem implies that (t{H) C + | + Z, where Z is the set of 
integers. Now, H is a non- negative operator, so we infer that (5.7.1) is valid if 
' =' is replaced by ' C'. Clearly n + ^ > 0. 

Select 00 and (j)n as in the statement of the theorem. From (5.4.2) we see that 
AH<pQ = (H + /)A0o , so (i? - (/X - i)/)A0o = 0. But + | is the smallest 
eigenvalue of H, so A(f)o = 0. Also [A, A*]4>o = AA*(f)o = 2H4>o = + l)(/)o. 
Notice that H(f)Q = (/x + ^)</>o implies that J(f)o = <po. 

From (5.5.2) and (5.5.3) we have AA*''(f)o - A*^A0o = (n + 2/i^„)A*(^-i)</)o 
for all n G N \ {0}, so by (2.2.7) AA*^(/)o = A*(^-^)(/>o. This in turn 

implies the first statements in (5.7.4), and the rest of (5.7.4) follows from this and 
(2.2.7). (5.7.5) is a consequence of (5.7.4). 

Assume m < n, m,n ^ N. Then, using (5.7.4), the inner product {(j)n-,4'm) = 

(7/w(?^)7/x(?TT')) (A*'^A*^</)o, </>o) = 5m,n- Thus {</>n} is an orthonormal set in 
^. Let be the linear span of A*'^(j)o,n G N. Then (5.7.4) implies that A and 
A* map dJt into itself. Thus Q and P map dJl into itself, and since the oscillator 
is irreducible, necessarily the closure of 971 equals S^. Hence (5.7.3) is proved. 

Finally i{PQ - QP)(l)n = (AA* - A*A)0, = (1 + 2/x6'n+i - '^l^0n)(j>n = 
(/ + 2jiJ)(j)n for all n G N, proving the commutator identity in (5.7.6) 

The non-negativity of H implied that fi -\- ^ > 0. Suppose that + | = . 
Then by (5.7.4) A(f)Q = A*(/)o = 0. It follows that P and Q both commute with 
the projection on (f)Q, contradicting the irreducibility assumption of Definition 
5.1iv) . It follows that necessarily fi E (— |,oo). 

5.8 Lemma. Suppose n G N \ {0}. 

(5.8.1) 2-^ A*</)o = Q</)o = -iP(t)o and i[P, Q]^o = (1 + 2//)</)o 
(5.8.2) 

(5.8.3) [A, A*-]0o = Y''\, A*^^-'Uo 

1 1 
Proof. (5.8.1) is true since {Q + iP)(j)o = 22 A(j)o = 0, and Q-zP = 22 A*. From 

(5.5.4) and (5.7.6) we obtain z(PQ" - Q"P)0o = (nQ^-^ + 2Ai^„Q^-i J)0o. By 
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(5.7.8) this yields the first equation in (5.8.2). The other equations in (5.8.1), 

(5.8.2) and (5.8.3) have similar proofs. 

5.9 Theorem. Suppose p{-) is a complex polynomial and is the 
generalized differentiation operator of (2.-^.1). Then 

i[P,p(Q)]0o = (DmP)(Q)<^o, i\p{P). Q]0o = (©M^>)(^)'^o 

[A,p{A^)]ct>o = {^^p){A*)ci>o 

In case p{x) — H^{Xx) one has {Dijp){x) — 2XnH^_-^^{Xx), A G C 

Proof. By (2.5.2) p{x) = Y^CnX"^ is mapped by 5)^ to ^ 7^('i-i) <^n 3^ so the 
theorem follows easily from lemma 5.8. The last statement is proved in (2.6.1). 

5.10 Theorem. Suppose n G N. Then the following formulas hold: 
Rodrigues formula: 

(5.10.1) P-cf>o = z-^Hii{2-iQ)cf>o = r^i^^(2-i A*)<^o 
Dual Rodrigues formula: 

(5.10.2) Q>o = Hr^^Hil{2-'2P^, = Hr^Hil{t2-'2A*^o 

(5.10.3) A*>o = ^^Hii{Q)<Po 

1 1 
(5-10.4) ^„ = ^^^H^(Q)0„ = (-0»(|MiHM(P)^o 

Proof. We prove (5.10.1) using Theorem 5.9 and the three term recursion relation 

(2.6.3) written in the form 

l^f^-Ll) 1 1 1 1 

^^'^J^f^y^^H^^^ Then 



i[P,i^/^(2-2Q)]0o = 22niy^_i(2-2Q)0o, so iPH^{2- 2Q)(j)^ + QH^{2- 2Q)(j)^ 
1 _ 1 

= 22nH!^_^{2 2Q)(f)Q. The induction proof of (5.10.1) proceeds from this equa- 



n 

tion. 



The remaining equations have similar proofs using 5.9 and (2.6.2). 
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5.11 Structure Theorem for the Bose-like Oscillator, 
II. Suppose that {S),P,Q,H) is an irreducible Bose-like oscillator, and fi and 
(f)n are as in Theorem 5. 7. Define the unitary operator T on Sj to Sj by 



(5.11.1) 
(5.11.2) 
(5.11.3) 
(5.11.4) 



:F = exp(-|7rz(JJ"- (Ai+ i)/)). Then 

= J and JF* = Jjr = jFJ; 
P = T'^QT on 6; 

= (-^)"(/>r^, n G N. 



Proof. Compare the definitions of J- and J in (5.11.1) and (5.7.6) to derive 
(5.11.2). (5.11.3) comes from (5.6.1) with A = 7r/2. The eigenvectors of H are 
necessarily the eigenvectors of T and thus (5.11.4) is true. 

We show, finally, that given any abstract irreducible Bose-like oscillator, there 
exists a number fi G ( — 5, 00) such that the abstract Bose-like oscillator is unitarily 
equivalent to the concrete irreducible Bose-like oscillator on L^{R) specified in 3.4 
to 3.7. Thus one has a generalization of the von Neumann uniqueness theorem 
[26,p275]. Formal aspects of the physical theory are detailed in Ohnuki and 
Kamefuchi [24] , Chapter 23, entitled The wave-mechanical representation for a 
Bose-like oscillator . 

5.12 Representation Theorem for the Bose-like Oscilla- 
tor. Suppose {So,P,Q,H) is an irreducible Bose-like oscillator, and maintain 
the notation of Theorems 5.7 and 5.11. Define the unitary mapping U of S) onto 
the Hilbert space L'^{R) byU : (j)n 1 — ^ </)^, n G N . Then U maps P, Q, H, J, and T 
onto P^, Q^, H.^^ J^, and respectively . 

Proof. (5.7.3) and (3.5.2) assure us that U maps a complete orthonormal set onto 
a complete orthonormal set and thus L/" is a unitary mapping. In addition, U 
maps A of 5.2 onto of (3.4.3) because of the action of these operators on the 
orthonormal sets, see (5.7.2) and (3.7). The other assertions then follow. 
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